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Abstract 

The  boundary  value  problem  corresponding  to  a  cylindrical  wave  incident 
upon  an  acoustically  soft  or  acoustically  hard  elliptic  cylinder  is  formulated 
and  solved  by  the  usual  separation  of  variables  technique.  This  solution  is 
then  asymptotically  expanded  for  large  values  of  kh  »  2nh/X,  where  X  is  the 
wavelength,  and  h  is  one  half  the  interfocal  distance  of  the  generating 
ellipse  of  the  cylinder.  The  short  wave  length  expansion  of  the  field  is 
also  obtained  by  applying  the  newly  developed  geometrical  diffraction  theory, 
and  compared  with  the  asymptotic  expansion  of  the  diffracted  field.  For  both 
the  soft  and  hard  cylinders  it  is  shown  that  the  geometrical  solution  is  the 
leading  term  of  the  asymptotic  expansion  of  the  exact  solution. 
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1.   Introduction 

The  construction  of  the  field  diffracted  by  a  cylinder  of  arbitrary- 
convex  cross  section  has  been  carried  out  by  J.B.  Keller   ,  who  found  that 
by  introducing  a  new  class  of  diffracted  rays  a  "geometrical  optics"  for 
diffracted  fields  could  be  developed.  In  all  cases  which  have  been  hitherto 
studied  it  has  been  found  that  the  field  constructed  by  the  geometrical 
theory  of  diffraction  agrees  with  an  asymptotic  expansion  of  the  exact 
solution  to  the  corresponding  boundarv  value  problem.  In  this  paper  we 
find  the  asymptotic  expansion  of  the  field  diffracted  by  an  elliptic  cylinder 
and  show  that  it,  too,  is  in  agreement  with  the  geometrical  theory. 

In  Section  2  we  formulate  the  boundary  value  problem  for  the  reduced 
wave  equation  corresponding  to  a  cylindrical  wave  incident  upon  an  acous- 
tically soft  or  acoustically  hard  elliptic  cylinder.  The  problem  is  then 
solved  by  the  usual  separation  of  variables  technique,  and  an  alternative 
representation  for  the  field  is  presented.  By  using  the  asymptotic  expansions 
for  the  special  functions  occurring  in  the  solution  the  asymptotic  expansion 
of  the  diffracted  field  is  found  in  Section  3.  In  Section  h   the  diffracted 
field  is  constructed  geometrically  and  this  construction  is  shown  to  be  in 
agreement  with  the  asymptotic  expansion  of  the  exact  solution. 

In  the  first  appendix  some  identities  which  are  necessary  to  affect 
the  comparison  of  the  geometric  construction  and  the  asymptotic  expansion  of 
the  exact  solution  are  presented*  In  the  second  appendix  the  asymptotic 
expansions  used  in  Section  3  are  derived.  The  third  appendix  contains  a 
rigorous  justification  of  the  alternative  representation  of  the  field  given 
in  Section  2, 
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2.       The  exact  solution 

Consider  an  elliptic  cylinder  with  its  axis  coincident  with  the  z  axis 
of  an   (x,y, z)   rectangular  coordinate  system.     Let  the  interfocal  distance  of 
the  generating  ellipse  be  2h  and  let  us  introduce  elliptic  coordinates  in 
the   (x,y)  plane  by 

(1)  x     -     h  cosh  4  cos  >7 

(2)  y     -     h  sinh  £  sin  rj  . 

We  assume  that  the  generating  ellipse  is  given  by     4»a  and  that  a  line 
source  is  located  on  the  x  axis  at   ~>?m0,     £-£  .      If  the  propegation  con- 
stant of  the  medium  exterior  to  the  cylinder  is  k..   then  the  diffraction 
problem  we  will  solve  is  the  two-dimensional  problem  of  finding  a  solution 
u(4,^/)     of 

(3)  (v2+kl)u     "     6(?"0  6(7) 

which  satisfies  the  Sommerfeld  radiation  condition  and  prescribed  boundary 
conditions  on  the  surface  of  the  cylinder 

(h)  u(a,~>?)  *  0       (acoustically  soft  cylinder) 

or 

(5)  u  (a,-^)  -  0       (acoustically  hard  cylinder). 

When  we  writ©  equation  (3)  in  elliptic  coordinates  it  becomes 

2  2 

(6)  2-£  *  2-H.  +  2x2(cosh  21  -  cos  2^)u     -     6(VO   0(77) 

with 

(7)  2x     -     l^h. 

If  we  replace  the  delta  functions  on  the  right-hand  3ide  of  equation   (6)  by 
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zero,  then  solutions  of  (6)  in  the  form  #(»)!(£)  exist  where  $  and  T  satisfy 
the  equations 

(8)  £-|  +  k2(b2  -  cos2^    -     0 

di| 

2 

(9)  1*     k2(D2  -  cosh2£)Y     -     0, 
d4 

with 

(10)  k    -    k^h 

and  b  an  arbitrary  separation  constant. 

In  order  to  solve  equation  (6)  by  the  usual  separation  of  variables 
technique  we  observe  that  the  solution  must  be  2n  periodic  in  *j .  Thus  in 
the  usual  series  representation  of  the  solution  the  solutions  of  (8)  which 
appear  must  be  periodic  in  >».  Let  us  define  solutions  c(»,b)  and  s(>/,b) 
of  (8),  which  satisfy  the  initial  conditions 

c(o,b)  ■  1       s(o,b)  -  0 

(ID 

c«(o,b)  -  0      s'(o,b)  -  1. 

Then  for  a  discrete  set  of  values  b  of  b,  the  functions  c  and  s  which  satisfy 

(11)  and  (8)  will  be  2n  periodic  inw •  An  even  and  an  odd  periodic  solution 

of  (8)  cannot  coexist  for  the  same  value  of  b  .  However,  we  will  use,  almost 

n  '  ' 

exclusively,   only  the  even  solution  of  the  equation  and  hence  no  confusion 
will  arise.     For  these  values  of  b  let  us  denote  the  corresponding  functions 
by  c   (?))  and  s   (>?).     Notice  that  c  (>/)  and  s  (>/)  are  multiples  of  the 
standard  Mathieu  functions  ce  (rj)  and  se  (?i).     In  fact, 


(12)  cen^)     "    Acn(|) 


2« 

|0     CnW 


1 

7 


-  u  - 


and 
(13) 


se  (») 
n 


i/*  SQ(>)) 


2n 


f   s^)d, 
Jo 


1 

5 


The  solutions  of  (9)  are  characterized  by  their  asymptotic  behavior 
as  £  -*>  oo.  The  solution  having  the  character  of  an  outgoing  wave  is  denoted 


,(D 


(2). 


by  ▼   (5)»  while  the  incoming  solution  is  denoted  by  vv  '(£)•  At  the  values 

b  the  corresponding  functions  are  denoted  by  v^   (£)  and  v\      (Ot   which  are 
n  n         n 

multiples  of  the  standard  Mathieu  functions  Mej'   (4)  and  Me^  (£). 

To  solve  (6)  we  make  use  of  the  completeness  of  the  angular  Mathieu 
functions  and  the  fact  that  the  solution  is  even  in  t\   to  write  u  as 

00 


(D4) 


n"0 


Upon  substituting   (lu)  into   (6)  and  making  use  of  the  orthogonality  property 

of  the  c     functions  we  find  that  v  (4)  satisfies  the  equation 
n  n 


(15)  v^  -  k2(b2  -  cosh25)vn 


6fe-e0) 


2n 

/. 


c2(7)d7 


-1 


A  unique  solution  of  equation  (15)  is  determined  by  the  conditions  that 
v  be  outgoing  at  infinity  and  satisfy  the  boundary  condition  v (a)  ■  0,  or 


n 


%- v  (a)  "0.     Using  standard  techniques  we  first  solve  for  v  (£)  and  then 
d£  n  n 

substitute  into   (1U)  to  obtain 

2n 


(16) 


^-lU?^ 


fK^a)  "    < 


en(7^ 


J 


_  d 


In  (16), H.  5  1  if  the  boundary  condition  is  given  by  (U),  while  O.   =  ^-  if  the 
boundary  condition  is  given  by  (5>).  The  symbols  E  ,   £  mean  the  greater  or 
lesser,  respectively,  of  £  and  £  •  The  symbol  00  is  used  to  denote  the 


-  5  - 

constant  wronskian  of  v^   and  y*  , 

n       n 

Although  (16)  is  the  exact  solution  to  the  boundary  value  problem,  its 
numerical  usefulness  is  restricted  to  small  values  of  ka.  For  large  values 
of  ka  the  series  is  so  slowly  convergent  that  other  representations  of  the 
solution  must  be  sought.  Classically,  the  alternative  field  representations 
have  been  obtained  by  applying  the  well-known  Watson  transformation  tech- 
niques'- ■*»  However,  A.Sommerfeld^  -■  has  shown  how  to  obtain  these  represen- 
tations directly  without  the  intervening  steps  of  the  Watson  transformation. 
His  method  depends  upon  the  existence  of  certain  expansion  theorems  for  the 
special  functions  occurring  in  the  solution.  To  apply  this  method  to  the 
case  of  the  soft  cylinder,  we  note  that  for  certain  complex  values  b  of  b 
outgoing  solutions  v'  '(£)  of  (9)  will  exist  which  vanish  at  4  ■  a.  Let  us 
denote  the  value  of  v^fe)  at  b*  by  v'1'^)  and  the  value  of  v'2'(0  at  b* 
by  Vv  '(£)•  Similarly  we  denote  c(^,b  )  by  C  (yj)   and  s(7/,b  )  by  S  (7). 
Then  if  we  assume  that  the  solution  u(£,7?)  can  be  written  in  the  form 

(18)         *<«,?)  -  f^tyv^te) 


'  In  the  case  of  the  hard  cylinder,  the  boundary  condition  is  (5),  and 

then  V   (£)  will  be  used  to  denote  the  outgoing  solution  of  (9),  whose 

derivative  vanishes  at  £  *  a.  Of  course  the  values  of  b  will  change, 

depending  upon  the  boundary  condition.  We  will  use  b  to  denote  generically 

either  set  of  eigenvalues.  When  it  becomes  necessary  to  distinguish 

between  the  sets  of  eigenvalues  we  will  use  b^   to  denote  eigenvalues 

n 

(2) 
corresponding  to  the  boundary  condition  (U)  and  bv  '   to  denote  eigen- 
values corresponding  to  the  boundary  condition  (5). 
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we  find,  upon  substituting  (18)  into  (6)  and  making  use  of  the  orthogonality 


,(D 


properties  of  the  V       (?),   that  ^(7)  satisfies  the  equation 


(19)  ^^(C-cos2^    -     tf^oW 


00 


n-1 


d£ 


We  now  solve   (19)  by  making  use  of  the  condition  that  $^(7)  must  be  single- 
valued  in  7]  and  substitute  into   (18)  to  obtain  in  the  region  0<><2n 


(20)     n(K,»)    ■    -$Z,-FTVT   -15 

n-1   n'     / 


f   *>u>J 


dC 


It  is  convenient  for  later  comparisons  to  write  (20)  in  a  different 
form.  This  is  done  bv  expressing  the  normalization  integral  in  (20)  as 

(«)     HM  2aC  -  (2a;)\  jl  ^  (.,y^)  w, 


where  b*  -  t/1'  if  fl   -  1  or  b*  ■  b'2^  if  £1  -  t-  and  W  is  the  wronskian  of 
n    n  n    n        d£     n 


V^1'  and  V^2\  Upon  using  (21),  (20)  becomes 


„  (2) 

5oo  b  c  (77-n)  m   m  ar  ;(a) 

(22)        u(4,7)  --k2r  #  wT.&VnU)rhrn  ' 

n-1  n    n^  g^Sl^  (a) 

To  obtain  (21)  we  write  the  equation  for  v'1J(£)  and  v^(£), 

n 

multiply  the  first  by  v^'CO  and  the  second  by  V*;1^),  and  subtract  to 


n 


obtain 


(23) 


V(1>"T<1>  -  V(1)v(1)M  -  kV^V^v^  -  0. 
n  n  n     n 


Transposing  and  integrating,  we  obtain 


(2b) 


f0* 

A    n 


l\^\  -  k-2^2) 


-1 


n 


100 

n      Ja 
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Noting  that  the  contribution  from  the  upper  limit  on  the  right  of  (2U) 
vanishes  because  of  the  outgoing  condition  we  obtain  in  the  limit  as  b  -o  bR 


# 


-i 


Equation  (21)  then  follows  if  we  notice  that  /  '(a)  -  0  if  Cl  -  1,  while 
?&>'(•)  -OifH-^. 

In  Appendix  III  a  rigorous  derivation  of  (22)  is  presented.  In  that 
appendix  it  is  shown  that  (22) ^is  valid  at  all  points  except  those  for  which 
>7  -  0.  However,  the  series  is  too  slowly  convergent  at  all  points  in  the 
geometrically  lit  region  to  be  numerically  useful.  Thus  (22),  as  we  will 
show  in  appendix  III,  is  of  use  in  obtaining  the  asymptotic  expansion  only 
in  the  geometric  shadow  of  the  cylinder* 

3,   The  asymptotic  expansion  of  the  diffracted  field 

In  order  to  expand  asymptotically  as  k->oo  the  diffracted  field  in 
the  shadow  region  as  given  by  (22),  we  make  use  of  the  asymptotic  expansions 
contained  in  Appendix  II.  When  (11-12)  of  Appendix  II  is  substituted  into 
(11-13)  we  find 

(26)     C  Cw)~(sinh  a)1/2(cosh2a-cos2>7)"1/^  cos 


k(  (cosh2a-cos2«  J1' 2d  yj 


+  k^r^Csinh  a  cosh  a)2'3  J  (cosh2a-cos2^  )ml'2dy 


Similarly,  the  substitution  of  (n-12)  into  (II-7)  yields 
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(27)         V^fc)  ~  e^V^W^cosh^  -  cosh2a) 


-iA 


exp 


ik|    (cosh  £-cosh  a)         d£-ik  /Jtn(sinh  a  cosh  a)  /J 


Also  we  find 


,€  2  2     "1/2 

(cosh  £-cosh  a)         d£ 

'  a 


1/2 /_»2 2 


(28)         C'(>?)   ~  -k(sinh  a)  '    (cosh  a-cos  rj) 


IA 


sin 


1/2 


/'  2  2        '  1/3  * 

k     (cosh  a-cos  >^)       dy+k  '  r  (sinh  a  cosh  a) 

/o 


2/3 


^  2  2     -1/2 

(cosh  a-cos  yj)         dy 
o 


To  comnlete  the  asymptotic  expansion  of   (22)  we  need  the  asymptotic 
expansion  of 


(29) 


*#•>{*  W<->)"\ 


Let  tis  first  consider  the  case  of  the  acoustically  soft  elliptic  cylinder  for 
which  Q  -  1.  Then  (29)  may  be  written  as 


(30) 


'r<«>  JKa)e> 


-1 


To  evaluate  (30)  we  note  that  (II-5)  may  be  differentiated  with  respect  to 
both  £  and  b  to  obtain 
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(3D       v(1),(a)^-^A32/3(2r;)-lV/6(sinh  .^(cosh  a^V^A.^)^ 


and 


d*n 


(32)       ^  v(1)(a)^n^32/3(2^)-1V/6(sinh  afl/6(cosh  a)1^"1"^.^)^ 


Differentiating  (11-2), we  find 


(33)  £  — ^1/2(^)1/2""1/3('i-*  a)1/3(co3h  a)"1/6 


and 


(3U) 


9*n       *n    3rn 
"SB       ^    "3TT 
n 


Using  the  above  together  with   (n-8)  and  (11-12), we  find  that   (30)  becomes 
(35)    fvn1),(a)^v(1)(a))':L  nVin/VU/32-l/3(co8h  a)-1^-^ 

(sinha)2/3rA»(qn)]     . 


When  the  expansions  given  above  are  substituted  into  (22)  we  find  that 


(36)   u(S,7)~  e 


-2*l/3k-2/3n(sinn  a)l/6(co8h  a)2/312-l6-l/3 
(cosh2^-cosh2a)"1^  (cosh2£o-cosh2a)  "1'Ji  (cos^a-cosi)"1^ 


exp 


ikj    (cosh^-coslw)1'2^ 


exp 


ikj      (co8h2§-eosh2a)ly^dC 

ia 
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U'(V      J       <exp  ik      (cosh  a-cos  7)        dy 


+  ik^-M^sinh  a  cosh  a)2'3j     (cosh  a-cos  7)         dy 


+  exp 


4. 


cosh  a-cos  7j  J       dT; 


2n 


n 


2  2 


7 


-1/2 


-  ik1  'M1^  (sinh  a  cosh  a)2'3]     (cosh2a-cos2?7  J         dy 


+  ik        Icosh  a-cos  71  )       d  77 
o 


0 


1/2 


2n 


-1/2 


+  ik^-M^sinh  a  cosh  a)2'3!      (cosh2a-cos  7)         dy 


exp 


-1/2 


-ik^M^Csinh  a  cosh  a)2'3!   (cosh2£-cosh2a)    d£ 

-1/2 


r  /    2      2n-i/2  \ 

+         (cosh  £-cosh  a)  d£  ) 


1-exp 


2  2    N1/2 

2ik|     (cosh  a-cos  71)      drj 


<u 


-1/2 


2ik  'M^sinh  a  cosh  a)  /3(  (cosh  a-cos  7)    d>; 


-1 


For  the  case  of  the  rigid  cylinder  a  similar  result  obtains.  The  only 

difference  is  that  r'1'  must  be  replaced  bv  r^2'   and  that  the  first  line 

n  n 

in  (36)  must  be  replaced  by 


(37)  a"2"1/3  k"2/3  n(sinh  a)1/6  (cosh  a)2/3  U'1  6"l/3, 
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while 


[a'^1*)]   must  be  replaced  by  |^2)A2(q^2))] "\ 


Equation  (36)  is  the  asymptotic  expansion  of  the  diffracted  field.  In  the 
next  section  we  will  construct  the  field  geometrically  and  show  that  it  is 
in  agreement  with  (36). 


In   The  geometric  construction  of  the  diffracted  field 

In  [l]  the  geometric  construction  of  the  field  diffracted  by  any  cylinder 
of  convex  cross  section  is  described.  When  this  construction  is  applied  to 
the  present  case  we  find  that  the  diffracted  field  is  given  by 

r        h 

(33)  ud(P)  -  Ao(p  3  )-1/i«p|ik1(p1+t  *a ,)p ;  (P ,)B n(9,)«wp  if.^J     b-2/3(s)ds 

u  J  n=»0  /  o 


1-exp 


,1 
ik^+irk*/3]  b"2'3(s)ds 


VI 


1-1/2 


+Ao(P2S2)*i/iieXP  [ikl(p2+t2+S2)]  E0Bn(P2)Bn(Q2yxp 


ir 


1 1-exp 


lkjT «±tnkj/3 I  b"2 /3 ( s ) ds 


In  the  above  p.,  and  p.  are  the  straight  line  distances  from  the  source,   Q(§  ,0), 
to  the  cylinder  along  the  tangents  to  the  cylinder;  s.  and  s.  are  the  distances 
along  the  tangents  from  the  cylinder  to  the  point  of  observation  PCC,^),    (see 
Figure  1).     The  points  of  tangency  are  denoted  by  Q^a,?/,),   P^a,^),   %(*?]■*)» 
and  P2(a,^). 
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PU.v) 


Q(€„,0) 


Figure  1:  The  two  families  of  rays  emanating  from  a  line  source 
located  at  Q  and  diffracted  around  an  elliptic  cylinder  to  a  point 
P«  The  upper  family  is  incident  on  the  cylinder  at  Q.  and  leaves 
the  cylinder  tangentially  at  P.,  while  the  lower  family  is  incident 
on  the  cylinder  at  Q?  and  leaves  the  cylinder  tangentially  at  P^» 


The  quantity  t.  is  the  arc  length  of  the  ellipse  from  C^  to  P^,  and  t?  is 
the  distance  from  0-  to  P  .  The  incident  cylindrical  wave  at  0^  or  Q2  is 

-1  iklp 
asymptotically  given  bv  A  p  e    .  Thus 


(39) 


in  A 


(8k1«) 


-1/2 


The  radius  of  curvature  of  the  ellipse  is  denoted  bv  b,  and  the  integrals 

h 

(       -2/3 
involving  b  are  integrals  with  respect  to  arc  length.  Thus     b    (s)ds 

° 

T 

is  the  integral  from  Q  to  P1,  while   lb  /J(s)ds  represents  the  integral 

taken  over  the  entire  ellipse,  T  being  the  total  arc  length  of  the  ellipse. 

In  the  case  of  the  soft  cylinder  the  r^  are  the  ^   previously  defined, 

(2) 
while  in  the  case  of  the  rigid  cylinder  rR  -  *J  .  The  diffraction  coef- 
ficient B  depends,  geometrically,  only  upon  the  radius  of  curvative  b  at. 
the  point  at  which  it  is  evaluated  and  is  given  in  the  case  of  the  soft 
cylinder  by 
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(10)     Bn  =  n3^  21*   6"2/3  \l/l2[^{^))]'1^/2h  bl/6, 
and,  in  the  case  of  the  rigid  cylinder,  by 

The  quantities  q  and  A  have  been  defined  in  Appendix  II. 

Let  us  first  calculate  the  field  at  P  due  to  the  family  of  rays  which 
is  incident  at  Q-.  To  do  this  we  must  compute  the  geometrical  quantities 
entering  into  the  first  two  lines  of  (38).  Simnle  geometric  calculations 
show  that 

(U2)  >7_     =     arcos(cosh  a/cosh  £  "\;  0  <  »_  <  n/2 

and 

('43)         p,  -  h  tanh  £  (cosh  z   -cosh  a  ) 

Also,  77.  is  the  smaller  solution  of  the  equation 

(U'4)     cosh  £,   sinh  a  cos  y   cos  7j       +  sinh  £  cosh  a  sin  77  sin  7 

■  sinh  a  cosh  a 
and 
(Uf>)     s^  »  h  Ycosh  £  cos  7-  cosh  a  cos  -» S) 

,W2 


I 


♦  (sinh  £  sin^-  sinh  a  sin^J^i 


Further  calcualtions  show  that 

V2  . 

(k6)  *1    ■     h  I      (cosh  a-cos2?? )      d  7 


and  -  11;  - 

2n 

(U7)  T      -     h   I        (cosh2a-co827)1/cl7?# 

'  o 

The  radius  of  curvative  as  a  function  of  the  angular  variable  t?  on  the 
ellipse  is  given  by 

/  \-l  (2  2    1 

(19)  b(7/)     -     h(cosh  a  sinh  a^      jcosh  a-cos  7f\       # 

Therefore, 

r2/^-        _       v.1/3 /„-„>,    a     a-inh    a  ^2'3  /(.fts^a.MS2!,  W/2 


(W)  I     b"2'3ds     -     ^^(cosh  a  sinh  a)2'3       (cos^a-cos2?)"1'^, 


and 


b"2'3ds       -     h1'3 (cosh  a  sinh  a)2'3     (cosh2 a-cos V)         d>?. 


Using  the  above  expressions,  we  find  that  the  field  in  the  case  of  the  soft 
cylinder  due  to  the  rays  incident  at  Q.   is  given  by 

(51)     uJ(P)  -  ein/V2/3n(12)"16"l/3(cosh  a  sinh  a)"l/3 

^22  22     )l/hf        22  22     l1^ 

cosh  a  sin  -7_+sinh  n  cos  y.i  cosh  a  sin  >;?+sinh  a  cos  ftJt 

(coth  £  )1'2^cosh24o-cosh2a) 

1/  i2    /  \2l-lA 

Wcosh  £  cos  rj  -cosh  a  cos  h   J  +(sinh  E,  sin  ^7-  sinh  a  sin  >_^    1 


exp 


"    I  /        2  2  \1/2 

ikttanh  £  (cosh  £  -cosh  a) 


+   (cosh  K,  cos^-cosh  a  cos  >;„)   +  (sinh  £  sin;?-  sinh  a  sin  ^_) 

r  /    2     2  \1/2  ) 

♦  I      (cosh  a-cos  }j       d>/j- 
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r  -1/2  " 

Z     fA'^1>)]     exp  iT^1)k1/3(cosh  a  sinh  a)2/3(      (cost^a-cos2?)         d^ 
n»0    l        n      J  [^    n  /*. 


r         -     ?! 
l-exp 


V 


1/2 


(     /        2  2  \L/£ 

ik       fcosh  a-cos  tj  )       d^ 


2n  -l/2 

+ir^1^k1'3(cosh  a  sinh  a)2'3)      (cos^a-coc2?/)         d?? 


1-1 


A  similar  calculation  holds  for  the  field  *u(P)  due  to  the  rays  incident 
at  Qp.  In  fact,  ud(P)  has  the  same  form  as  u,  (P)  except  that  ^  is  to  be 

replaced  by  7,,  and  ^  is  to  be  replaced  by  >?,  .  Also  7-  ■  2n->^,  while 

7  1  is  the  other  solution  of  (UU)  that  is, y ,    satisfies  the  same  equation  as 

y*   with  0  <  ?o  <7?\    <  2n. 

The  total  field  is  then  given  by 

(52)  ud(P)  »  uJ(P)  +  ud(P). 


ye- 

Equation  (51)  can  be  further  simplified  by  making  use  of  (i^2)  and  (kfc). 
Upon  doing  this  and  simplifying  u-(P)  in  a  similar  way  we  find  that  (52) 
becomes 

(53)  ud(P)  -  ein/V2/3n(12)-Vl/3 

(cosh2C-ccsh2a)-lA(cosh2C0-cosh2a)-1/ll(cosh2a.cos27)-lA 


T  /       2  2  \1/2 

exp  ik  tanh  £   (cosh  4  -cosh  a^ 


In  Appendix  I  the  only  non-trivial  calculation  necessary  to  obtain 
(53)  from   (^2)   is  indicated. 
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£  t4,M 


-2 


exp 


ik<    (cosh  £  cos  7 -cosh  a  cos  ^_| 


I2 


,  ,2-)l/2     /  2         2         2  a/2 

(sinh  £  sin  >;-  sinh  a  sin  *   \  ♦  (cosh  a-cos  v)      d  >i 


^2 


+  itj^lc1'3   (cosh  a  sinh  a)2'3   j      (cosh2a- 

?1 


COS   r) 


•1/2 


+  exp 


ikj   (oosh  £  cos  7?  -  cosh  a  cos  >,■ 


+  /sinh  ^  sin  y-  sinh  a  sin  >?.  ) 


2lV2 


V3 


IJ 


♦  (cosh  a-cos  7  J       d?i 


1/2 


+  lt(1)kl/3(cosh  a  sinh  a)2/3 


h 


h 


2      2 

cosh  a-cos  ' 


-1/2 

1}       d7 


f 

• l-exp 

V 


2n 


Ik  I      (cosh  a-cos  7  I       &■» 


1/fe 


2n 


+  ir^V'^cosh  a  sinh  a)2'3  j   (cosh2a-cos2 


-1/2 

d7 


-1 


For  the  rigid  cylinder  exactly  the  same  modifications  as  mentioned  after  (36) 
must  be  made. 

It  is  clear,  then,  comparing  (36)  and  (53),  that  their  amplitudes  are 
In  agreement  for  both  the  soft  and  rigid  cylinders.  For  the  phases  to  be 
Identical  we  must  show 
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w 


7         2  2   vl/2  A/        2  2  \l/2  (\        2  2  \l/2 

(cosh  £-cosh  a)       d£  +         (cosh  £-cosh  a)       d£  +       (cosh  a-cos  -rjj       &y 


1/2 


(cosh  4  cos^  -  cosh  a  cos  ~>jA   +  (sinh  £  sin^  -  sinh  a  sin^2)' 

V2 


1/2 


1/2 


/        2  2  \i/Z   f     /        2  2  \X/* 

+  tanh  4   (cosh  £  -cosh  a)       +       (cosh  a-cos  >, )       dy, 

;7i 


1/2 


1/2 


T/      2  2  .1/2         (  /      2  2  x1/2         fv      2        2  \1/z 

(55)  (cosh  4-cosh  a)       d£  +  (cosh  £-cosh  a)       dE,  -       (cosh  a-cos  y)       dy 

'a  J  a  /o 

+  (cosh  a-cos  -n) 

*     (cosh  £  cos  77-  cosh  a  cos  27%  )  +  (sinh  5  sin>;-  sinh  a  sin  ^7.) 


1/2 


/         2  2  V   '      f     /        2  2  \ly^2 

+  tanh  4   (cosh  4  -cosh  aj       +       (cosh  a-cos  ??)       d>, 


r/    2       2  v-1/2      f%    2       ?  v-1/2      rV    2      ?  v-1/2 

(56)     -       (cosh  £-cosh  a)         d£  -         ^cosh  £-cosh  a}         d£  +  I   (cosh  a-cos^? )         d 
'a  /a  /o 


72 
ft 


-1/2 


1/2  2  \"1/2 

(cosh  a-ccs  >jf         d  rj  , 


and 
(57) 


-1/2 


-1/2 


(cosh2£-cosh  a)    d£  -  I   (cosh2£-cosh2a)    d£ 

^a  ia 


f7/         2  2   Tl/2  /2n/        2  2X"1/2 

(cosh  a-cos  7j)         dyj  +         (cosh  a-cos  7^         d^ 

/  o  /  o 


f", 

7a 


V  ,2      *\1/2, 

(cosh  a-cos  71^         d7i  • 
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In  Appendix  I  these  identities  vLll  be  proved,  showing  that  the  geometric 
construction  is  in  agreement  with  the  asymptotic  expansion  of  the  exact 
solution. 
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Appendix  I 

Comparison  of  the  asymptotic  expansion  with  the  geometric  construction 

As  we  saw  in  Section  U   the  asymptotic  expansion  of  the  exact  solution 

is  in  agreement  with  the  geometric  result  if  (5U)-(57)  can  be  proved  and 

(53)  can  be  shown  to  follow  from  (52).  If  in  ($1)   and  the  similar  expression 

for  u?(P)  we  substitute  (!a2)  and  the  similar  expression  for  ~y~   we  find  that 

{SV   follows  if  the  following  identity  holds: 

2     2      2     2 
cosh  a  sin  7  +sinh  a  cos  »0 

(1-1)      '1 ^ '1 

(cosh  4  cos  ri -cosh  a  cos  >/_)   +(sinh  £  sin  7-sinh  a  sin  7.) 

2  2 

sinh  a  cosh  a 


2 j * j — 

(cosh  a-cos  77)  (cosh  £-cosfi.  a) 

Upon  carrying  out  the  squaring  in  the  denominator,  using  (U'j)  to  express 
the  cross  product  term  sinh  £  sin  ~n   sinh  a  sin  7,,  as 

2  ■»]  2 

sinh  a  -  (cosh  a)  "cosh  £  sinh  a  cos  7  cos  J-   , 

and  finally  expressing  the  left-hand  side  of  (1-1)  in  terms  of  cosines  and 

hyperbolic  cosines,  we  find  that  it  becomes 

2      2 
cosh  a  -  cos  7? 

(I'2)      *  :  —3:    —J.  .  jrr. — ......  .^i 


COS 


'7  +  cosh  4  -  cosh  a  +  cos  77.  -  2 (cosh  a)     cosh  £  cos  7  cos  yi~ 


Now,  by  transposing  the  first  term  of   (UU)  to  the  right-hand  side  and 
squaring,   we  find  that 

(1-3)  -2 (cosh  a)  cosh  £  cos  7  cos  >;„ 

—2  (         ?      2     2     2 
■  (sinh  a  cosh  a)  jsinh  4  cosh  a  sin  y\  sin  7. 

2  2     2     2        2      2  ) 

-  cosh  4  sinh  a  cos  rj  cos  ??.  -  sinh  a  cosh  a  >   . 


1-2 

When  (1-3)  is  substituted  into  the  denominator  of  (1-2)  we  find,  after  some 
manipulation,  that  the  denominator  may  be  written  as 

—2  /    2     2  \  /    2      2  \  /    2     2\ 
(I-h)   (sinh  a  cosh  a)   (cosh  a-cos  7„)(cosh  £-cosh  a) (cosh  a-cos  ?). 

Upon  substituting  (I-U)  into  (1-2)  we  find  that  (i-l)  holds. 

The  identities  (5U)-(5>7)  are  based  on  addition  formulas  for  elliptic 
integrals.  Accordingly,  we  introduce  the  elliptic  integrals  of  the  first 
and  second  kind  defined  by 

(1-5)         F(0,>i)  -  f  (l-n.2sin2t)"l/2dt 

/  o 
and  ^ 

(1-6)         E(0f,X)  -  (  (l-*2sin2t)l/2dt  . 

Jo 

As  a  first  step  in  verifying  (5h)  we  show 

(1-7)  I      (cosh2C-cosh2a)1'2d4  +   I      (cosh2a-cos  ?)1/2dy 

/a  '  o 

■  tanh  £  (cosh  £  -  cosh  a)  '  . 

In  terms  of  the  E  function  we  may  write  this  as 

.1/    o       2  1^/2 
(1-8)  E(ia,H)-E(i£  ,H)+E(7  ,K)  -  tanh  4  (sinh  a)  Ncosh  5  -cosh  a    , 

with 

(1-9)    M.  -  (i  sinh  a)"1. 

To  verify  (1-8)  we  make  use  of  the  addition  theorem  for  the  elliptic 
functions  of  the  second  kindL  -'   which  states  that 

(1-10)        EW     2    E(0)  +  E(y)  -H2sin0  sin?  sin/ 


if  X,  1 ,   and  $  are  related  by 


1-3 

1/2 


(1-11)         (l-*2sin20  sin2f)  sin  *   -     sin#  cosY   (l-A2sin2f) 

/       2       2    ^ 
+  sinT  cos0  (l-A  sin  0/      , 


and 

(1-12)    (l-y>sin20  sin  Y  )  cosx  -  CO30  cosf 

-  sin0  sinT  (l->^2sin20)   (l->\2sin2Y)   . 

In  (1-10)  the  congruence  sign  means  that  the  right  and  left-hand  sides  differ 
by  a  constant  linear  combination  of  the  periods  of  the  E  function.     When  we 
apply  (1-10)  to  (1-8)  by  choosing    f  -  7^     0  -  ia,     and    A  -  i£Q    we  see 
first  by  setting    £     -  0    that  the  congruence  must  be  an  equality  and  then 
that   (1-8)  follows.     The  verification  of   (1-11)  and   (1-12)  follows  from  (U2) 
by  a  simnle  calculation. 

To  complete  the  verification  of   (5U)  we  next  show  that 

(K  f         2  2   NV2  ^    /        2  2   \1/2 

(1-13)  (cosh  t-cosh  a  J       d£  ♦         (cosh  a-  cos  7)       dy 

a  ^ 

■     (cosh  g  cos  »-  cosh  a  cos  7  )   +/sinh  4  sin  7-  sinh  a  sin^j 

The  proof  of   (1-13)  is  obtained  by  two  applications  of  the  addition  formula* 

#  f 

We  first  introduce  £     defined  by' 

/_,  -1  v                                                   cosh  a 
(I-1U)  zu     «     n  -  arcos  -  , 

cosh  £ 

and  break  up  the  integral  from  a  to  4  into  two  integrals:  one  from  a  to  £  , 
the  other  from  $     to  £.     Similarly,   the  integral  from  >;?  to   >?  we  write  as  an 


V2 


'  We  assume  here  that  n/2  <  ».  <  n«  For  other  ranges  of  >?  similar 
arguments  will  spply  to  show  the  equality  of  the  phases. 


i  -  a 


integral  from  ?7-  to  n  plus  an  integral  from  n  to  >?•  Then  in  terms  of 
elliptic  integrals  (1-13)  may  be  written  as 


cos 


(I-lS)       Efarcos 


m- 


E(i£*)    +  E(ia)   +  Efa-n)    -  E(U)   +  E(i£*) 


(sinh  a) 


-1 


(cosh  4  cos  77-  cosh  a  cos  >;?Y 


+   fsinh  4  sin  77-  sinh  a  sin  7iJ\* 


1/2 


In  the  above,  as  in  the  following,  we  suppress  the  modulus,  (II 1-9),  of  the 
elliptic  integrals.  Now  upon  comparing  the  first  three  terms  of  (1-15) 
with  (1-8)  we  see  that 


(1-16)   E/arcos 


cosh  a 


,-ll 


2  * 


-  E(i£  )  +  E(ia)  «  tanh  £  (sinh  a)"  j cosh  £  -cosh  a 
[cosh  K   J/  I  J 


-,1/2 


Upon  applying  the  addition  formula  (1-10)  to  the  remaining  terms  in  (1-15) 
we  find 


(1-17) 


-2    . 


!(>;-n)  -  E(i£)    +  E(i£   )   -  -(sinh  a)     sin^sinh  £     sinh  Z, 


Again   (1-11)   and   (1-12)  may  be  verified  with  0  »  7-n,  Y  -  i£  ,   and  ^  -  i£. 

To  prove   (1-15)  we  first  observe  that  by  (I-U4)  the  points   (a,>?  ),    (£,>?), 

and   (4  ,n)  are  colli near.     Expressing  the  fact  that  the  distance  between 

(a,77?)   and  (^,^)  is  equal  to  the  distance  between  (a,72)   and   (%>  >n>    minus  the 

distance  between   (£,>?)  and   (£,n)  we  find  that  the  right-hand  side  of    (1-1!?) 

can  be  written  as 

■   1/2 

2  ' 
j 

f  il/2 

-   [sinh  a]]~     -  (cosh  £     +  cosh  £  cos  y\     *  sinh  4  sin   >7  . 

Now,  upon  using   (l-l?i)   in  the  first  line  of   (1-18)  we  see  that  this  first 


(1-18)     fsinh  a]"     jfcosh  t,     +  cosh  a  cos  >>j     +  sinh  a  sin  ^ 


I  -  5 

line  is  in  agreement  with  (1-16).  To  show  the  agreement  of  the  second  line 
with  (1-17)  we  first  substitute  the  values  of  cos  y~  an<*  s*n  }o  *n  "terras  of 
£  into  (UU)  obtaining 

(1-19)    cosh  £  +  cosh  £  cos  7  -  -(sinh  a)"  sinh  4  sin  7 (cosh  £  -cosh  a) 

When  (1-19)  is  substituted  into  the  second  line  of  (1-18)  the  agreement  with 
(1-17)  follows  readily.  This  completes  the  verification  of  (1-13)  and  hence 
of  (5b) •  Similar  arguments  may  be  used  to  verify  (55). 

The  verification  of  (56)  and  (57)  follow  from  (5U)  and  (55)  by  use  of 
the  addition  formula  for  the  elliptic  integrals  of  the  first  kind'--'-'  which 
states  that 

(1-20)  F(*)  >  F(0)  +  F(T)  , 

if  *,  T,  and  0  are  related  by  (1-11)  and  (1-12).  Upon  writing  (56)  and 
(57)  in  terms  of  the  F  functions  we  find  that  they  agree  with  (5U)  and 
(55),  respectively,  if  we  change  the  E  functions  to  F  functions  and  drop 
the  inhomogeneous  terms.  Since  (1-20)  differs  from  (1-10)  only  in  being 
homogeneous,  (56)  and  (57)  follow  immediately. 


Appendix  IT 

Asymptotic  expansions  of  the  elliptic  cylinder  functions 

To  obtain  the  asymptotic  expansions  of  the  solutions  of  (9)  we  apply 
the  methods  of  F.W.J.  Olver'--'.  Olver  gives  asymptotic  expansions  of  the 


solutions  of  the  equation 
d2W 

7 


2 
(H-l)  d_W     -     (k2K  ♦  f  (^))W 


for  large  real  k,  uniform  in  the  complex  variable  £.     To  reduce   (9)  to  the 
canonical  form   (II-l)  we  introduce  new  variables  through  the  equations 

(II-2)  2^3/2     m     (K  /  2 u2  \Vfe 


^3/2  (  /  2  2  \V2 

f.  -     I  ,  (b  -cosh  x)      dx 


cosh     b 
and 


(II-3,  w    .     (I)"1^ 


Then   (9)   assumes  the  form   (II-l)  with 


(II-U)     ffe)  -   j^~2  KA-£2cosh25  3inh2s(b2-cosh2s)     -2^2cosh2c(b2-cosh24)    J  . 

According  to  Olrer  the  asymptotic  expansion  of  a  solution  of   (II-l)  in  any 
domain  of  the  complex  z  plane  is  made  up  of  linear  combinations  of  aopropriately 
chosen  Airy  functions.     In  particular  the  outgoing  solution  of   (9)  is  given 
asymptotically  by 

(II-5)  *(1)<€>  ~  «lA  31/3  l-V-co,!,2*)"^  »(31/3  i***  ^  k)  . 

In  (lI-!>)  the  Airy  function  A(t)  is  defined  by 

oo 


(II-6)  A(t)     -  cosfa3-tz\dz. 


o 

In  the  case  when  £  >  cosh  "Id  we  can  expand  the  Airy  function  in  (II-5) 
to  obtain 

(II-7)  T(1)(5)  ~ei"/12k-1/62-1.-1'/2(co8hVb2)-lA.xpri1cfS   ,  Coo.^.*2)^ 

J  cosh"^       ' 


II  -  2 

We  can  also  use  (II-?)  to  evaluate  the  complex  eigenvalues  t>n.  For  the 
case  of  the  soft  cylinder  the  eigenvalue  is  defined  by  v^  '(a)  ■  0.  Thus  if 
qf   is  a  zero  of  the  Airy  function  we  introduce  £n  ■  £(a)  by 

(II-3)       Kn    ■    e^V^V1^, 

and  then  from  (2)  we  obtain,  as  the  equation  defining  the  eigenvalue, 

n 
Now  since  k!       ■  <9(k  )  we  see  that  for  large  k,  b^   must  tend  to  cosh  a. 

Thus  we  can  set  b^   ■  cosh  a  ♦  ak~^  and  determine  a  and  0  by  an  asymptotic 

n 

comparison  of  the  right  and  left-hand  sides  of  (II-9).     In  this  way  we  find 
(11-10)      b<X>     -     cosh  a  +  e^q^/V^Csinh  a)2/3(cosh  a)-l/3. 

Exactly  the  same  arguments  hold  for  the  case  of  the  hard  cylinder* 

In  fact  if  we  replace  ay"     by  q_     »  the  zeroes  of  A'(q),  we  obtain  the 

(o) 
expression  for  b^     .     Thus  if  we  introduce 

in/3  * 
(11-11)  * %_     ,  T* 

we  can  write  generically 

(11-12)       b*  -  cosh  a  +  T*k"2^3(sinh  a)2'3 (cosh  a)"1/3. 

As  before,  for  the  soft  cylinder  the  starred  quantities  are  to  have 
superscripts   (1)    and  for  the  hard  cylinder  superscripts  i2) . 

The  asymptotic  expansion  as  k  ->  oo  of  the  solutions  of   (8)  are  obtained 
by  using  W,K«B«  theory.     In  the  range    0  <  rj  <  2n    we  obtain 


(11-13)     c(7,b)~cos 


k]    (b^cos2^)       dy     i(b2-l) /(b2-cos2^) 


1A 


Appendix  III 

The  alternative  field  representation  and  Its  convergence  properties 

Equation  (22)  of  Section  2  was  derived  in  a  purely  formal  way  under 
the  assumption  that  the  functions  V^   (£)  were  complete,  that  is,  the  solu- 
tion \i(%,7?)   could  be  represented  by  a  convergent  sum  of  the  form  (lfl). 
Equation  (22)  can  also  be  derived  in  a  rigorous  way  from  the  series  solution 
(16).  To  do  this  we  employ  the  well-known  techniques  first  used  by  Watson 
in  the  analysis  of  diffraction  by  the  earth.  We  first  express  (16^  a» 
a  contour  integral  in  the  complex  b  plane  and  then  find  that  (22 )  is  a 
residue  evaluation  of  the  integral.  In  this  appendix  we  carry  out  the 
Watson  transformation  for  the  elliptic  cylinder  and  then  investigate  the 
convergence  properties  of  (22).  We  will  find  that  (22)  is  a  convergent 
representation  of  the  field  in  all  directions  except  y  ■  0.  The  convergence 
properties  of  (36)  of  Section  3  will  also  be  examined  and  we  will  show  that 
(36)  is  convergent  at  all  points  (4,>/)  in  the  geometric  shadow. 

Letting  | '  be  a  contour  which  encircles  the  real  axis  (See  Figure  2) 
we  may  write  the  sum  (22)  as 


(III-1)       u(C,7)  -  3-j-  j  f(b)db  , 


r 

where  the  function  f (b)  is  an  analytic  function  of  b  having  poles  at  the 
eigenvalues  b  ,  and  where  the  sum  of  the  residues  of  the  integral  at  the 

points  b  is  given  by  (22).  The  first  step  in  obtaining  the  representation 
(TII-1)  then  is  to  find  an  analytic  function  of  b  vanishing  at  the  eigen- 
values b  .  To  construct  this  function  we  observe  that  c(  -n,b)  is  a  solution 
n 

of  (8).  Thus  we  may  write 

(III-2)       cfy-*,b)  -  a(b)c(7,b)  ♦  Y(b)s(7,b)  . 


Ill  -  2 


b    plane 


r 


Figure  2;  The  paths  of  integration  for  the  integral  representation 
of  the  field  diffracted  by  an  elliptic  cylinder.  The  contour  | 
encircles  the  positive  real  axis,  while  p»  coincides  with  the  upper 
branch  of  pfor  Re  b>0  and  is  as  shown  for  Re  b<0. 


Now,  upon  replacing  rj  by  ->?  and  b  by  bn,  we  see  that  Y(bn)  must  be  zero. 
Then  taking  the  derivative  of  (III-2)  and  setting  b  -  bn,  we  see  that 
c'(n,b  )  -  0.  Hence  if  we  take  for  f(b)  in  (III-l)  an  entire  function  of 
b  divided  by  c'(n,b)  we  will  produce  the  correct  poles  for  a  residue 

evaluation. 

The  zeroes  of  c'(n,b)  are  simple  so  that  the  residue  evaluation  of 

(III-l)  will  necessitate  evaluating 

(in-3)      lrc,(n»b) 

8b        b-b 
1-         -In 

To  evaluate  (III-3)  we  multiply  the  equation  satisfied  by  c(??,bn)  -  c^) 


in  -  3 

by  c(?,b)  and  multiply  the  equation  satisfied  by  c(n,b)  by  c  (?i)  and  subtract 
the  resulting  equations  to  obtain 

(III-U)   c"(7fb)cn(7)  -  c^'(>>)c(7,b)  -  k2jb2-b2|  ccR  . 

Now,  upon  integrating  (III-U)  between  >y  ■  0  and  >/  -  n,  we  find 

n 
(III-5)   cn(n)c'(n,b)  -  -k2(b2-b2)  J  c(^b)cn(^)d7. 

Then,  dividing  (III-5)  by  b-b  and  letting  b  -e»  b  ,  we  obtain 

n  n 

n 

(in-6)   cn(n)  ^c»(n,bn)  -  -2k2bn  I   ^(^d^. 

/  o 

We  now  use  (III-2)  to  extend  the  range  of  integration  in  (ITI-6)  to  2n. 
We  observed  that  for  b  ■  b  the  function  c  (rpn)   is  proportional  to  c  (^). 
Setting  7  -  0  in  (III-2)  we  obtain  a(b  )  •  c  (n).  Thus 

(III-7)       cn(7-n)  "  cn(n)cn(7)  • 

2 

Now  upon  replacing  7  by  y-n   we  conclude  that  c  (n)  »  1  •  Hence 

2n  2n  it 

(III-8)       C2(7)d7  -   [   C2ty-Tl)dr,  -   (c2(7)d7, 

J  n  /n  /  o 


Thus  we  may  write  (III-6)  as 


k  b 


(III-9)   &c.(n,bn)  -  -s-^f  c2(>?)dv. 

n   /  o 

Finally,  using  (III-7)  and  (in-9),  we  see  that  f  (b)  may  be  expressed  as 


v(2)($<,bX2y(1)(a,b)-v(1)(?<,b)Dv(2)(a,b) 

avll,(a,b) 


A 


ill  -  u 

In  the  integral   (III-l)  we  now  replace  b  by  -b  on  that  part  of  the 
contour  for  which  Im  b<0.     Noting  that  v       (4,-b)   is  proportional  to 
▼       (5#b)  and  similarly  that  v^2' (£,-b)  is  proportional  to  v^2'(£,b), 
while  c(-7,v)  is  an  even  function  of  b,  we  may  transform   (III-l)  to  an 
integral  over  the  contour    P'   shown  in  Figure  2.     Finally,    if  the  integral 
over  an  infinite  semi-circle  in  the  upper  half -plane  vanishes,    then  u(£,7> 
may  be  evaluated  in  terms  of  its  residues  in  the  upper  half -plane.     This 
residue  evaluation  then  yields  the  representation   (22). 

In  order  to  estimate  the  integral  over  a  large  semi-circle  in  the 
upper  half -plane,   asymptotic  expansions  as  b->oo  of  the  functions  v(^) 
and  c(>^)  are  necessary.     Since  such  expansions  are  not  readily  available 
we  leave  the  proof  incomplete  and  show  instead  that  the  residue  series 
converges  at  all  points  except  those  for  which  77  ■  0. 

The  first  observation  we  make  is  that  in  the  neighborhood  of  the 
eigenvalues  b*  the  function  v^     (£)  must  be  oscillatory  in  character. 
Thus  if  we  expand  the  Airy  function  in  (II-5)  the  expansion  must  be  in 
terms  of  a  trigonometric  rather  than  a  pure  exponential  function.     In  what 
follows  convergence  will  be  shown  to  be  exponential  in  character.     Thus 
we  will  suppress  all  multiplicative  algebraic  factors  and  use  a  generic  f 
to  denote  then.     When  we  expand  the  Airy  function  in  (II-!>)  we  find 

(III-ll)  v^(e)~f  cos(o>-nA) 

where 

(111-12)  o)    -     2r"U/2  k^3/2, 

with  £  given  by  (II-2).     Now  we  argue  that  if  we  set  b  ■  te      then  as 
t-000  the  imaginary  part  of  00  must  be  aero  for   (III-ll)  to  be  oscillatory. 
Thus  the  real  part  of  the  integral  (II-2)  must  vanish.     This  condition  then 
yields  an  asymptotic  expansion  as  t«*>oo  of  Y  as  a  function  of  t,  and  thus 
paramaterizes  the  curve  on  which  the  eigenvalues  lie* 


Ill  -  $ 

In  order  to  asymptotically  expand  the  integral  in  (II -2)  as  b  -o  oo 
we  first  change  the  variable  of  integration  by  setting  z  ■  cosh  x»  Then 
the  integral  becomes 

rC08hV2  2x1/2/2  r1/2 

(111-13)      I  -        Q>  -z ')       (z  -l)    dz. 

We  introduce  6(b)  such  that  6/b-*.0  and  6->oo  as  b->co,  and  then  write  I  as 
the  sun  1-,+Ipf  where  I  is  the  integral  from  b  to  6,  and  I  the  integral 
from  6  to  cosh  £.  Then  in  L,  z   is  large  and  we  may  write 

1/2 


(Ill-Hi)  Ij  ~  J  z'^-z2)  '    dz 

y  b 


b 
In  I-  we  first  factor  out  b  and  then  observe  that  b/z  is  small  to  obtain 


(III-1S) 


,cosh  £  X/,2 


I2~    bj  (z2-l)       dz. 


The  integrations  for  I.,  and  I?  can  be  carried  out  explicitly.  When  this 
is  done  and  the  sum  I_  +  I?  is  formed  and  expanded  we  find  that 

(111-16)  I  ~b{l  -  log  3lnh    *  cosh  g|. 

A  more  careful  analysis  of  I  shows  that   (111-16)  is  exact  to  within  terms 
0(6~   )•     Substituting  b  -  te       we  obtain  for  the  real   part  of  I 

(111-17)     Re  I     -     tjcos  T     1-log  Ut /(sinh  £  +  cosh  0\   *  *  sin  T  f. 

Equating   (111-17)  to  zero  with  £  -  a  we  obtain  as  a  parametric  representation 
of  the  curve  on  which  the  eigenvalues  lie 

(111-18 )  Tc  ~  J^-  l°e{.lnh  .**  C03h  «j    J  . 

Using  the  above  in  (III-ll),   we  find  as  n  h>  oo 


Ill  -  6 


Cm-i9)   ifft)  ~  f  «p  ft  log  (g&fi^)/,  iog  alnh  .  ^  .]  . 

Since  the  function  Tr     (a)  is  oscillatory  we  see  that  the  convergence 
of   (22)   is  determined  by  the  behavior  as  n->oo  of  the  quotient 

(111-20)  ^-n)Vn1)(*)Vn1)(*o)/Cn(n)   • 

Using  the  fact  that  as  n-t>oo 
(111-21)  Cn(V)    ~  et?7  , 

together  with  (111-19),  we  see  that  as  n->co  (111-20)  is  asymptotic  to 


(I 11-22)  f  exp 


/sinh  £  +  cosh  £)(sinh  £Q  ♦  cosh  £  y 

|l— w  I  -  n  +  ?  log  f 5 

\       (sinh  a  ♦  cosh  a) 


\        g  sinh  a  +  cosh  ay  j 


Consequently,  (22)  is  convergent  in  all  directions  except  >)  ■  0. 

Although  (22)  is  convergent  in  all  directions  except  >? ■  0,  it  is  clear 
from  (111-21)  that  the  series  is  most  rapidly  convergent  in  the  direction 
*7  *  n  and  has  a  slower  rate  of  convergence  as  >/  tends  to  0.  To  be  practically 
useful,  however,  the  earlier  terms  of  the  series  must  be  dominant.  Thus  the 
terms  of  (22)  for  which  the  b  are  given  by  (11-10)  must  be  dominant; 
hence  the  terms  in  the  sum  (26)  must  be  exponentially  decaying.  Since  the 
T  have  a  positive  imaginary  part  this  requires  that  the  expressions  on 
the  left  of  (56)  and  (57)  must  be  positive.  In  Appendix  I  we  have  proved 
the  equalities  of  (56)  and  (57 )♦  Thus  for  the  left-hand  side  of  (56)  and 
(57)  to  be  positive  we  must  have  ?2  >  7  and  tj    >  >>,.     A  glance  at  Figure  1 
shows  that  this  is  just  the  condition  that  the  point  ($,7)  lies  in  the 
geometric  shadow  of  the  cylinder.  Hence,  although  (22)  is  convergent  at 
points  in  the  illuminated  region  of  the  cylinder,  it  is  practically  useful 


Ill  -  7 

only  in  the  shadow.   In  the  lit  region  a  different  representation  of  the 
field  which  separates  out  the  reflected  field  is  necessary  in  order  to 
obtain  the  asymptotic  expansion  of  the  diffracted  field. 
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Technical  Data  Division,   Code  U106 

Washington  25,    D.  C. 

Chief,    Bureau  of  Ships 
Department  of  the  Navy 
Washington  25,    D.   C. 
Attn:     Code  817B 
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Commanding  Officer 

U.  S.  Naval  Air  Development  Center 

Johns vi lie,  Pennsylvania 

Attn:  NADC  Library 

Commander 

V.   S.  Naval  Air  Test  Center 
Patuxent  River,    Maryland 
Attn:     ET-315,    Antenna  Branch 

Director 

Naval  Ordnance  Laboratory 

Corona,  California 

Commanding  Officer 

D.  S.  Naval  Ordnance  Laboratory 

Corona,  California 

Attn:  Mr.  W,  Horenstein,  Division  72 

Airborne  Instruments  Laboratory,  Inc. 

160  Old  Country  Road 

Kineola,  New  York 

Attn:  Dr.  E.  G.  Fubini,  Director 

Research  and  Engineering  Division 

Aircom,  Inc. 
3$U   Main  Street 
Winthrop,  Mass. 

American  Machine  and  Foundry  Company 

Electronics  Division 

10^5  Commonwealth  Avenue 

Boston  15,  Mass. 

Attn:  Mrs.  Rita  Moravcsik,  Librarian 

Andrew  Alford,  Consulting  Engineers 
2°9  Atlantic  Avenue 
Boston  10,  Mass. 

Avion  Division 
ACF  Industries,  Inc. 
ROO  No.  Pitt  Street 
Alexandria,  Virginia 
Attn:  Library 

Battelle  Memorial  Institute 

505  King  Avenue 

Attn:  Wavne  E.  Rife,  Project  Leader 

Electrical  Engineering  Division 

Columbua  1,  Ohio 

Bell  Aircraft  Corporation 

Post  Office  Pox  One 

Buf falc  5,  New  York 

Attn:  Eunice  P.  Ha2elton,  Librarian 

Bell  Telephone  Laboratories,  Inc. 

Whippany  Laboratory 

Whippany,  New  Jersey 

Attn:  Technical  Information  Library 

Pacific  Division 

Bendix  Aviation  Corporation 

11600  Sherman  Way 

faorth  Hollywood,  California 

Engineering  Library 

Attn:   Peggie  Robinson,  Librarian 

Bendix  Radio  Division 

Bendix  Aviation  Corp. 

E.  Joppa  Road 

Towson  b,  Maryland 

Attn:  Dr.  D.  M.  Allison,  Jr. 

Director  Engineering  and  Research 

Boeing  Airplane  Company 

Pilotless  Aircraft  Division 

P.O.  Box  3707 

Seattle  2b,  Washington 

Attn:  R.R.  Barber,  Library  Supervisor 

Boeing  Airplane  Company 

Wichita  Division  Engineering  Library 

Wichita  1,  Kansas 

Attn:   Kenneth  C.  Knight,  Librarian 

Boeing  Airplane  Company 

Seattle  Division 

Seattle  lb,  Washington 

Attn:  E.T,  Allen,  Library  Supervisor 

Bjorksten  Research  Labs,  Inc. 

P.  0.  Box  265 

Madison,  Wisconsin 

Attn:  Mrs.  Fern  B.  Korsgard 


Convair,  A  Division  of  General  Dynamics 

Corp. 
Fort  Worth,  Texas 

Attn:   K.G.  Brown,  Division  Research 
Librarian 

Convair,  A  Division  of  General  Dynamics 

Corp. 
San  Diego  12,  California 
Attn:  Mrs.  Dora  B.  Burke, 

Engineering  Librarian 

Cornell  Aeronautical  Laboratory,  Inc. 
!Jj55  Genesee  Street 
Buffalo  21,  New  York 
Attn:  Librarian 

Dalmo  Victor  Company 
A  Division  of  Textron,  Inc. 
1515  Industrial  Way 
Belmont,  California 
Attn:  Mary  Ellen  Addems, 
Technical  Librarian 

Dome  and  Margolin,  Inc. 
29  New  York  Avenue 
Westbury,  Long  Island,  N.  Y. 

Douglas  Aircraft  Company,  Inc. 

P.O.  Box  200 

Long  Beach  1,  California 

Attn:   Engineering  Library  (C-250) 

Douglas  Aircraft  Co.,  Inc. 
827  Lapham  Street 
El  Segundo,  California 
Attn:  Engineering  Library 

Douglas  Aircraft  Company,  Inc. 
3000  Ocean  Park  Boulevard 
Santa  Monica,  California 
Attn:   P.T.  Cline 

Eq.  Sec.  Reference  Files, 

Eq.  Eng.  A250 

Douglas  Aircraft  Company,  Inc. 
2^00  North  Memorial  Drive 
Tulsa,  Oklahoma 
Attn:  Engineering  Library,  D-250 

Electronics  Communication,  Inc. 
1830  York  Road 
Timonium,  Maryland 

Emerson  and  Cuming,  Inc. 
869  Washington  Street 
Canton,  Mass. 
Attn:  Mr.  W.  Cuming 

Emerson  Electric  Mfg.  Co. 

8100  West  Florissant  Avenue 

St*  Louis  21,  Missouri 

Attn:  Mr.  E.R.  Breslin,  Librarian 

Sylvania  Elec.  Prod.  Inc. 
Electronic  Defense  Laboratory 
P.O.  Box  205  -  (Unci) 
Mountain  View,  California 
Attn:  Library 

Fairchild  Aircraft  Division 
Fairchild  Eng.  and  Airplane  Corp. 
Hagerstown,  Maryland 
Attn:   Library 

Farnsworth  Electronics  Company 
3700  East  Pontiac  Street 
Fort  Wayne  1,  Indiana 
Attn:  Technical  Library 

Federal  Telecommunication  Labs. 
500  Washington  Avenue 
Nutley  10,  New  Jersey 
Attn:  Technical  Library 

The  Gabriel  Electronics 
Division  of  the  Gabriel  Company 
135  Crescent  Road 
Needham  Heights  9b,  Mass. 
Attnt  Mr.  Steven  Galagan 


General  Electric  Advanced  Electronics  Center 
Cornell  University 
Ithaca,  New  York 
Attn:   J.  B.  Travis 

General  Electric  Company 

Electronics  Park 

Syracuse,  New  York 

Attn:   Documents  Library,  B.  Fletcher 

Building  3-'lb3A 

General  Precision  Laboratory,  Inc. 

63  Bedford  Road 

Pleasantville,  New  York 

Attn:  Mrs.  Mary  G.  Herbst,  Librarian 

Goodyear  Aircraft  Corp. 

1210  Massillon  Road 

Akron  15,  Ohio 

Attn:  Library  D/120  Plant  A 

Granger  Associates 

Electronic  Systems 

966  Commercial  Street 

Palo  Alto,  California 

Attn:   John  V.  N.  Granger,  President 

Grumman  Aircraft  Engineering  Corporation 
Bethpage,  Long  Island,  N.  Y. 
Attn:  Mrs.  A.  M.  Gray,  Librarian 

Engineering  Library,  Plant  No.  5 

The  Hallicrafters  Company 

bbOl  West  5th  Avenue 

Chicago  2b,  Illinois 

Attn:  LaVeme  LaGioia,  Librarian 

Hoffman  Laboratories,  Inc. 
3761  South  Hill  Street 
Los  Angeles  ?,  California 
Attn:  Engineering  Library 

Hughes  Aircraft  Company 
Antenna  Department 
Microwave  Laboratory 
Building  12,  Room  2617 
Culver  City,  California 
Attn:  M.  D.  Adcock 

Hughes  Aircraft  Company 

Florence  and  Teale  Streets 

Culver  City,  California 

Attn:  Dr.  L.C.  Van  Atta,  Associate  Director 

Research  Labs. 

Hycon  Eastern,  Inc. 
75  Cambridge  Parkway 
Cambridge,  Mass. 
Attn:  Mrs.  Lois  Seulowitz 
Technical  Librarian 

International  Business  Machines  Corp. 

Military  Products  Division 

590  Madison  Avenue 

New  York  33,  New  York 

Attn:   Mr.  C.F.  McElwain,  General  Manager 

International  Business  Machines  Corp. 
Military  Products  Division 
Owego,  New  York 

Attn:  Mr.  D.  I.  Marr,  Librarian 
Department  b59 

International  Resistance  Company 
U01  N.  Broad  Street 
Philadelphia  8,  Pa. 
Attn:   Research  Library 

Jansky  and  Bailey,  Inc. 
1339  Wisconsin  Avenue,  N.  W. 

Washington  7,  D.  C. 

Attn:  Mr.  Delmer  C.  Ports 

Dr.  Henry  Jasik,  Consulting  Engineer 
298  Shames  Drive 
Brush  Hollow  Industrial  Park 
Westbury,  New  York 


Electromagnetic  Research  Corporation 
711  lbth  Street,  N.  W. 
Washington  5,  D.  C. 
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Lockheed  Aircraft  Corporation 

2555  N.  Hollywood  Way 

California  Division  Engineering  Library 

Department  72-75,  Plant  A-l,  Bldg.  63-1 

Burbank,  California 

Attn:   N.  C.  Harnois 

The  Martin  Company 

P.  0.  Box  179 

Denver  1,  Colorado 

Attn:  Mr.  Jack  McCormick 

The  Glenn  L-  Martin  Company 
Baltimore  3,  Maryland 
Attn :  Engineer!  ng  Library 
Antenna  Design  Group 

Maryland  Electronic  Manufacturing  Corp. 
5009  Calvert  Road 
College  Park,  Maryland 
Attni  Mr.  H.  Warren  Cooper 

Mathematical  Reviews 
190  Hope  Street 
Providence  6,  Rhode  Island 

The  W.  L.  Maxson  Corporation 

U60  West  Uth  Street 

New  York,  N.  Y. 

Attn:     Miss  Dorothy  Clark 

McDonnell  Aircraft  Corporation 

Lambert  Saint-Louis  Municipal  Airport 

Box  516,   St.   Louis  3,   Missouri 

Attn:      R.  D.   Detrlch,   Engineering  Library 

McMillan  Laboratory,    Inc. 

Brownville  Avenue 

Ipswich,   Massachusetts 

Attn:     Security  Officer,    Document  Room 

Melpar,    Inc.  (2) 

3000  Arlington  Boulevard 

Falls  Church,    Virginia 

Attn:     Engineering  Technical  Library 

Microwave  Development  Laboratory 
90  Broad  Street 
Babson  Park  57,   Massachusetts 
Attn:     N.  Tucker,   General  Manager 

Microwave  Radiation  Company  Inc. 

19223  South  Hamilton  Street 

Oardena,   California 

Attn:      Mr.   Morris  J.  Ehrlich,    President 

Chance  Vought  Aircraft,    Inc. 
93Ui  West  Jefferson  Street 
Dallas,  Texas 
Attn:     Mr.   H.   S.  White,    Librarian 

Northrop  Aircraft,    Inc. 
Hawthorne,   California 

Attn:     Mr.  E.   A.   Freitas,    Library  Dept 3lk$ 
1001  E.  Broadway 

Remington  Rand  Univ.   -  Division  of  Sperry 

Rand  Corporation 
1900  West  Allegheny  Avenue 
Philadelphia  29,    Pennsylvania 
Attn:     Mr.   John  F.   McCarthy 

R  and  D  Sales  and  Contracts 

North  American  Aviation,    Inc. 
12211i  Lakewood  Boulevard 
Downey,   California 
Attn:     Engineering  Library  U95-115 

North  American  Aviation,    Inc. 
Los  Angeles   International   Airport 
Los  Angeles  *i5,    California 
Attn:     Engineering  Technical  File 

Page  Communications  Engineers,    Inc. 
710  Fourteenth  Street,   Northwest 
Washington  5,    D.   C. 
Attn:     Librarian 

Philco  Corporation  Research  Division 

Branch  Library 

b700  Wissachickon  Avenue 

Philadelphia  LU,    Pa. 

Attn:     Mrs.   Dorothy  S.  Collins 


Pickard  and  Burns,    Inc. 

2I4O  Highland  Avenue 

Needham  9U,   Mass. 

Attn:     Dr.    J.  T.   DeBettencourt 

Polytechnic  Research  and  Development 

Company,    Inc. 

202  Tlllary  Street 

Brooklyn  1,   New  York 

Attn:     Technical  Library 

Radiation  Engineering  Laboratory 
Main  Street 
Maynard,    Mass. 
Attn:     Dr.   John  Ruze 

Radiation,  Inc. 

P.  0.  Drawer  37 

Melbourne,  Florida 

Attn:  Technical  Library,  Mr.  M.L.  Cox 

Radio  Corp.  of  America 

RCA  Laboratories 

Rocky  Point,  New  York 

Attn:   P.  S.  Carter,  Lab.  Library 

RCA  Laboratories 
David  Sarnoff  Research  Center 
Princeton,  New  Jersey 
Attn:   Miss  Fern  Cloak,  Librarian 
Research  Library 

Radio  Corporation  of  America 
Defense  Electronic  Products 
Building  10,  Floor  7 
Camden  2,  New  Jersey 
Attn:  Mr.  Harold  J.  Schrader 

Staff  Engineer,  Organization 

of  Chief  Technical 

Administrator 

The  Ramo-Wooldridge  Corporation 
P.O.  Box  b5'j53  Airport  Station 
Los  Angeles  h5,  California 
Attn:  Margaret  C.  Whitnah, 
Chief  Librarian 

Hoover  Microwave  Co. 
9592  Baltimore  Avenue 
College  Park,  Maryland 

Director,  DSAF  Project  RAND 

Viat  Air  Force  Liaison  Office 

The  Rand  Corporation 

1700  Main  Street 

Santa  Monica,  California 

Rantec  Corporation 

Calabasas,  California 

Attn:   Grace  Keener,  Office  Manager 

Raytheon  Manufacturing  Company 
Missile  Systems  Division 
Bedford,  Mass. 
Attn:  Mr.  Irving  Goldstein 

Raytheon  Manufacturing  Company 
Way!  and  Laboratory,  State  Road 
Wayland,  Mass. 
Attn:  Mr.  Robert  Borts 

Raytheon  Manufacturing  Comrany 
Wayland  Laboratory 
Wayland,  Mas3. 

Attn:  Miss  Alice  0.  Anderson, 
Librarian 

Republic  Aviation  Corporation 
Farmingdale,  Long  Island,  N.  Y. 
Attn:  Engineering  Library 

Thru:  Air  Force  Plant  Representative 
Republic  Aviation  Corp. 
Farmingdale,  Long  Island,  N.Y. 


Rheem  Manufacturing  Conpany 
9236  East  Hall  Road 
Downey,  California 
Attn:   J.  C.  Joerger 

Trans-Tech,  Inc. 
P.  0,  Box  3)46 
Frederick,  Maryland 


Ryan  Aeronautical  Company 
Lindbergh  Field 
San  Diego  12,  California 
Attn:  Library  -  unclassified 

Sage  Laboratories 
159  Linden  Street 
Wellesley  81,  Mass. 

Sanders  Associates 
95  Canal  Street 
Nashua,  New  Hampshire 
Attn:  N.  R.  Wild,  Library 

Sandia  Corporation,  Sandia  Base 

P.O.  Box  5300,  Albuquerque,  New  Mexico 

Attn:  Classified  Document  Division 

Sperry  Gyroscope  Company 

Great  Neck,  Long  Island,  New  York 

Attn:   Florence  W.  Turnbull,  Engr.  Librarian 

Stanford  Research  Institute 

Menlo  Park,  California 

Attn:  Library,  Engineering  Division 

Sylvanla  Electric  Products,  Inc. 
100  First  Avenue 
Waltham  5U,  Mass. 

Attn:  Charles  A.  Thornhlll,  Report  Librarian 
Walthan  Laboratories  Library 

Systems  Laboratories  Corporation 
liiP52  Ventura  Boulevard 
Sherman  Oaks,  California 
Attn:  Donald  L.  Margerum 

TRG,    Inc. 

17  Union  Square  West 

New  York   3,    N.  Y. 

Attn:  M.  L.  Henderson,  Librarian 

A.  S.  Thomas,  Inc. 

161  Devonshire  Street 

Boston  10,  Mass. 

Attn:  A.  S.  Thomas,  President 

Bell  Telephone  Laboratories 
Murray  Hill 
New  Jersey 

Chu  Associates 
p.  0.  Box  3P7 
Whitcomb  Avenue 
Littleton,  Mass. 

Microwave  Associates,  Inc. 
Burlington,  Mass. 

Raytheon  Manufacturing  Company 
Missilp  Division 
Hartwell  Road 
Bedford,  Mass. 

Radio  Corporation  of  America 
Aviation  Systems  Laboratory 
225  Crescent  Street 
Waltham,  Mass. 

Lockheed  Aircraft  Corporation 
Missile  Systems  Division  Research  Library 
Box  50li,  Sunnyvale,  California 
Attn:  Miss  Eva  Lou  Robertson, 
Chief  Librarian 

The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
Attn:  Dr.  W.  C.  Hoffman 

Commander 

AF  Office  of  Scientific  Research 

Air  Research  and  Development  Command 

lbth  Street  and  Constitution  Avenue 

Washington,   D.   C. 

Attn:     Mr.  Otting,    SRY 

Westinghouse  Electric  Corp. 
Electronics  Division 
Friendship  Tnt'l  Airport  Box  7b6 
Baltimore  3,   Maryland 
Attn:     Engineering  Library 
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Wheeler  Laboratories,  Inc. 
122  Cotter  Mill  Road 
Great  Neck,  New  York 
Attn:  Mr.  Harold  A.  Wheeler 

Zenith  Plastics  Co. 
Box  91 

Gardens,  California 
Attm  Mr.  S.  S.  Oleesky 

Library  Geophysical  Institute 
of  the  University  of  Alaska 
College 
Alaska 

University  of  California 

Berkeley  U,  California 

Attn:  Dr.  Samuel  Silver, 

Prof.  Engineering  Science 
Division  of  Elec.  Eng.  Electronics 
Research  Lab, 

University  of  California 
Electronics  Research  Lab. 
332  Cory  Hall 
Berkeley  U,  California 
Attn:   J.  R.  Whinnery 

California  Institute  of  Technology 
Jet  Propulsion  Laboratory 
UBOO  Oak  Grove  Drive 
Pasadena,  California 
Attn:  Mr.  I.  E.  Newlan 

California  Institute  of  Technology 
1201  E.  California  Street 
Pasadena,  California 
Attn:  Dr.  C.  Papas 

Carnegie  Institute  of  Technology, 
Schenley  Park 

Pittsburgh  13,  Pennsylvania 
Attn:   Prof.  A.  E.  Heins 

Cornell  University 

School  of  Electrical  Engineering 

Ithaca,  New  York 

Attn:   Prof.  G.  C.  Dalman 

University  of  Florida 

Department  of  Electrical  Engineering 

Gainesville,  Florida 

Attn:   Prof.  M.  H.  Latour,  Library 

Library 

Georgia  Institute  of  Technology 

Engineering  Experiment  Station 

Atlanta,  Georgia 

Attn:  Mrs.  J.H.  Crosland,  Librarian 

Harvard  University 

Technical  Reports  Collection 

Gordon  McKay  Library,  303A  Pierce  Hall 

Oxford  Street,  Cambridge  3^,  Mass. 

Attn:  Mrs.  E.L.  Hufschmidt,  Librarian 

Harvard  College  Observatory 
60  Garden  Street 
Cambridge  3°,  Mass. 
Attn:  Dr.  Fred  L.  Whipple 

University  of  Illinois 
Documents  Division  Library 
Urbana,  Illinois 

University  of  Illinois 
College  of  Engineering 
Urbana,  Illinois 

Attn:  Dr.  P.  E.  Moyes,  Department  of 
Electrical  Engineering 

The. Johns  Hopkins  University 
Homewood  Campus 
Department  of  Physics 
Baltimore  18,  Maryland 
Attn:  Dr.  Donald  E.  Kerr 

Sandia  Corporation 
Attn:  Organization  lb23 
Sandia  Base 
Albuouerque,  New  Mexico 


Applied  Physics  Laboratory 
The  Johm Hopkins  University 
8621  Georgia  Avenue 
Silver  Spring,  Maryland 
Attn:  Mr.  George  L.  Seielstad 

Massachusetts  Institute  of  Technology 

Research  Laboratory  of  Electronics 

Room  20B-221 

Cambridge  39,  Massachusetts 

Attn:   John  H.  Hewitt 

Massachusetts  Institute  of  Technology 

Lincoln  Laboratory 

P.  0.  Box  73 

Lexington  73,  Mass. 

Attn:  Document  Room  A-229 

University  of  Michigan 
Electronic  Defense  Group 
Engineering  Research  Institute 
Ann  Arbor,  Michigan 
Attn:   J.  A.  Boyd,  Supervisor 

University  of  Michigan 
Engineering  Research  Institute 
Radiation  Laboratory 
Attn:   Prof.  K.  M.  Siegel 
912  N.  Main  St., 
Ann  Arbor,  Michigan 

University  of  Michigan 
Engineering  Research  Institute 
Willow  Run  Laboratories 
Willow  Run  Airport 
Ypsilanti,  Michigan 
Attn:  Librarian 

University  of  Minnesota 

Minneapolis  lU,  Minnesota 

Attn:  Mr.  Robert  H.  Stumm,  Library 

Northwestern  University 
Microwave  Laboratories 
Evanston,  Illinois 
Attn:  R.  E.  Beam 

Ohio  State  University  Research  Found. 
Ohio  State  University 
Columbus  10,  Ohio 
Attn:  Dr.  T.E.  Tice 

Dept.  of  Elec.  Engineering 

The  University  of  Oklahoma 
Research  Institute 
Norman,  Oklahoma 

Attn:   Prof.  C.  L.  Farrar,  Chairman 
Electrical  Engineering  - 

Polytechnic  Institute  of  Brooklyn 

Microwave  Research  Institute 

55  Johnson  Street 

Brooklyn,  New  York 

Attn:  Dr.  Arthur  A.  Oliner 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
$$   Johnson  Street 
Brooklyn,  New  York 
Attn:  Mr.  A.  E.  Laemmel 

Syracuse  University  Research  Institute 
Collendale  Campus 
Syracuse  10,  New  York 
Attn:  Dr.  C.  S.  Grove,  Jr. 

Director  of  Engineering  Research 

The  University  of  Texas 
Elec.  Engineering  Research  Laboratory 
P.  0.  Box  8026,  University  Station 
Austin  12,  Texas 
Attn:  Mr.  John  R.  Gerhardt 
Assistant  Director 

The  University  of  Texas 

Defense  Research  Laboratory 

Austin,  Texas 

Attn:  Claude  W.  Horton,  Physics  Library 

University  of  Toronto 

Department  of  Electrical  Engineering 

Toronto,  Canada 

Attn:  Prof.  G.  Sinclair 


Lowell  Technological  Institute 
Research  Foundation 
P.  0.  Box  709,  Lowell,  Mass. 
Attn:  Dr.  Charles  R.  Mingins 

University  of  Washington 

Department  of  Electrical  Engineering 

Seattle  5,  Washington 

Attn:  G.  Held,  Associate  Professor 

Stanford  University 
Stanford,  California 
Attn:  Dr.  Chodorow 

Microwave  Laboratory 

Physical  Science  Laboratory 

New  Mexico  College  of  Agriculture 

and  Mechanic  Arts 

State  College,  New  Mexico 

Attn:  Mr.  H.  W.  Haas 

Brown  University 
Department  of  Electrical  Engineering 
Providence,  Rhode  Island 
Attn:  Dr.  C  M.  Angiilo 

Case  Institute  of  Technology 

Cleveland,  Ohio 

Attn:   Prof.  S.  Seeley 

Columbia  University 

Department  of  Electrical  Engineering 

Morningside  Heights 

New  York,  N.  Y. 

Attn:  Dr.  Schlesinger 

McGill  University 

Montreal,  Canada 

Attn:  Prof.  0.  A.  Woonton 

Director,  The  Eaton  Electronics 

Research  Lab. 

Purdue  University 

Department  of  Electrical  Engineering 

Lafayette,  Indiana 

Attn:  Dr.  Schulta 

The  Pennsylvania  State  University 
Department  of  Electrical  Engineering 
University  Park,  Pennsylvania 

University  of  Pennsvlvania 

Institute  of  Cooperative  Research 

3 hOO  Walnut  Street 

Philadelphia,  Pennsylvania 

Attn:  Dept.  of  Electrical  Engineering 

University  of  Tennessee 
Ferris  Hall 
W.  Cumberland  Avenue 
Knoxville  16,  Tennessee 

University  of  Wisconsin 
Department  of  Electrical  Engineering 
Madison,  Wisconsin 
Attn:  Dr.  Scheibe 

University  of  Seattle 

Department  of  Electrical  Engineering 

Seattle,  Washington 

Attn:   Dr.  D.  K.  Reynolds 

Wayne  University 

Detroit,  Michigan 

Attn:   Prof.  A.  F.  Stevenson 

Electronics  Research  Laboratory 
Illinois  Institute  of  Technology 
3300  So.  Federal  Street 
Chicago  16,  Illinois 
Attn:  Dr.  Lester  C.  Peach 
Research  Engineer 

Advisory  Group  on  Electronic  Parts 

Room  103 

Moore  School  Building 

200  South  33rd  Street 

Philadelphia  U,  Pennsylvania 
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Ionosphere  Research  Laboratory 

Pennsylvania  State  College 

State  College,  Pennsylvania 

ATTNt  Professor  A.  H.  Waynick,  Director 


Institute  of  Mathematical  Sciences 
21   Waverly  Place 
New  York  3,  New  York 
ATTNt  Librarian 

Electronics  Division 
Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
ATTN i  Dr.  Robert  Kalaba 

National  Bureau  of  Staniarls 

Washington,  D.  C. 

ATTNt  Dr.  W.  K.  Saunders 

Applied  Mathematics  and  Stat i stirs  Lab. 

Stanford  University 
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